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ADJOINTS TO A FOURIER-MUKAI TRANSFORM 


ALICE RIZZARDO 


Abstract. Given a Fourier-Mukai functor in the general setting of singular schemes, under various 
hypotheses we provide both left and a right adjoints to and also give explicit formulas for them. 
These formulas are simple and natural, and recover the usual formulas when the Fourier-Mukai 
kernel is a perfect complex. This extends previous work of ^ 1121113| and has applications to the 
twist autoequivalences of [8]. 


1. Introduction 

Much of the current interest in derived categories, at least from a geometric perspective, began 
with the seminal result of Orlov [21], who showed in 1997 that any fully faithful functor between the 
bounded derived categories of two smooth projective varieties X and Y is isomorphic to a Fourier- 
Mukai transform, i.e. of the form 

= R7rr4L7r*j,(-) ^ r), 

where ttx and Try are projections from X x Y to X and Y respectively. 

More recently, there have been many attempts to improve our understanding of the Bridgeland 
stability manifold 011] and of the autoequivalence group of a derived category muni- To construct 
such autoequivalences, it is convenient to have explicit adjoints; however, for a Fourier-Mukai functor 
this is an open problem in a general setting. 

When X and Y are smooth over a field, and the kernel of the Fourier-Mukai transform is a perfect 
complex, it is well known that the left and right adjoints exist and have a prescribed form. This result 
has been extended by [I] to the case of separable schemes of finite type over a field. Further, m gives 
a formula for adjoints for projective Gorenstein schemes over a field, under the weaker assumption 
that the kernel be of “finite homological dimension” over X and Y, and m gives the right adjoint in 
the projective case under the same hypothesis for the kernel. 

In this paper we prove the existence of both left and right adjoint to a Fourier-Mukai transform, 
and provide explicit formulas, under considerably weaker hypotheses. Our main result is the following: 

Theorem 1.1 f Theorem 13.11 Theorem 14.11) . Let X and Y he separated, quasi-compact schemes, es¬ 
sentially of finite type over a Noetherian scheme S. 

(1) Let either Y be quasi-projective over S, or Y he such that there exists a compactification Y ^ Y 
with X XsY of finite Tor-dimension over X. Let V be a ttx- perfect complex in Xs^)- 

Then <1’^“*'^ : ZlQch(A) —>■ Dqc)i{X) has a left adjoint , where 

Vl = R-HomxxsYi'PjT^'x^x)- 
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(2) Let either X he quasi-projective over S, or X be such that there exists a compactification 
X X with X XsY of finite Tor-dimension over Y. Let V be a ny-perfect complex in 
^cohi^ X 5 Y). Then : DQch(-^) —^ DQch{Y) has a right adjoint , where 

Vr = TZHomxxsYi'P, tt'yOy). 

The formulas for the adjoints in the theorem above coincide with the usual formulas when the 
kernel V € D^ohi^ Xs F) is a perfect complex. In general, however, dualizing is not well-behaved and 
therefore the formulas stated above are more natural and can be applied in this more general context. 

When the given Fourier-Mukai transform is an equivalence of categories, we show that V is both 
TTjf- and TTy-perfect, so that the explicit formulas above do realize the adjoints: 

Corollary 1.2. Assume that X ^ S and Y ^ S are projective. Let V G Y>q^^{X X 5 Y). If the 
functor gives an equivalence then 

(1) V is TTx- and rry-perfect 

(2) has left and right adjoints given by the formulas of Theorem \1.1[ 

One of the ingredients in this paper consists of recent results on the twisted inverse image pseudo¬ 
functor developed by Lipman Neeman [18] and their co-authors. These results hold on the level of 
the derived category of quasi-coherent sheaves, so our statements on the adjoints will hold in £>Qch(-^) 
as opposed to the whole derived category of sheaves D{X). 

The results in this paper have applications to the study of flopping contractions and noncommutative 
deformations of Donovan-Wemyss, see [SI Remark 7.7]. 

1.1. Acknowledgements. This research was made possible in part by EPSRC grant number EP/K021400/1. 
The author would like to thank Michael Wemyss for many useful discussions. She would also like to 
thank Johan de Jong, Michel Van den Bergh, Alexander Kuznetsov, Julian Holstein, Greg Stevenson, 

and Long Dao for helpful conversations. 

1.2. Notation and conventions. Throughout this paper, X and Y will be separated, quasi-compact 
schemes, essentially of finite type over a Noetherian scheme S. This implies that X and Y are Noe- 
therian and so is A Xg F. 

We denote by D{X) the derived category of Ox-modules. The subcategories iJ+(A), resp. D~{X) 
are the full subcategories whose objects are complexes whose cohomology vanishes in all but finitely 
many negative, resp. positive degrees; we set D^{X) = £>+ (A) n D~ (A). For • = 0, , 6 we denote 

by Dq^j^(A), resp. Dcohi^) subcategories whose objects are complexes with quasi-coherent, 

resp. coherent cohomology. 

We will omit the R’s and L’s in front of derived functors for simplicity. All functors are derived. 

We denote by ttx and Try the projections of the fiber product X Xs Y onto its factors. For V G 
^cohi^ Xs F), the Fourier-Mukai transform with kernel V is defined as the functor 

= 7ry*(7r^(-) ®'P) 

mapping L)Qch(A) to iJQch(V)- 


2. Preliminaries 

For the reader’s convenience, we will state here some well-known fact about functors in derived 
categories. 
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Lemma 2 . 1 . |221 Theorem A] If X is a scheme, and £ D(X), then there is a functorial 

isomorphism 

TZHomx{X, TZHomxiG, H)) = TZHomx{iF 0 H). 

For a morphism of schemes f \ X , T £ D(Y), Q £ D{X), we have 

nHomyiT, UG) ^ U nHomxifJ^, G) 

We collect in the following lemma some basic facts about open immersions: 

Lemma 2 . 2 . Let X be quasi-compact, quasi-separated and let U A- A an open immersion. Then 

( 1 ) j* TZHomu{F,G) = 'R-Homx{j*IF, j^^G) for all T, G £ D(U) 

(2) j*(J' 0 t?) = ® j,tG for all T, G £ D{U) 

(3) j*nHomx{X,G) = nHomu[j*X,j*G) for all F, G £ D{X) 

Proof. The first two identities are well known and follow from the fact that for an open immersion we 
have an isomorphism = id. For example, to see (1) observe that 

j, TZHomuiF, G) = j* TZHomuif j*F, G) = TZHomx{j*F, j^G) 

by Lemma l2.11 The second assertion can be proved in a similar way. 

The third identity is m Proposition 4.6.7]. □ 

2.1. The twisted inverse image pseudofunctor. We use the notaton from m- By m Theorem 
1.2], for a separated morphism f : X ^ Y essentially of hnite type, there exists a well-defined functor 
/■ : DQchfY) DQch{X). If f : X ^ Y is proper then /' coincides with /^, the right adjoint to the 
derived direct image functor i?/*. If j is an open immersion then j' = j*. For the composition of two 
separated morphisms X ^ Y Z essentially of finite type, we have that (gf)' = f'g' if one of the 
conditions below holds: 

• / is of finite Tor-dimension. 

• The composite gf is proper. 

• We restrict to the subcategory L)q^^{Z) C DQch{Z). 

Lemma 2 . 3 . [181 Proposition 7.11] If f : X ^ Y is a separated morphism essentially of finite type, 
E is a perfect complex in DQch{Y) and F £ DQch(P) is arbitrary, then the map 

aif,E,F) : f* E ® f'F ^ f'{E ® F) 

is an isomorphism. If f is of finite Tor-dimension then <j{f,E,F) is an isomorphism for all E,F £ 

DQob[Y). 

2.2. Relative perfect complexes. We remind the reader of the following definition: 

Definition 2 . 4 . [151 Definition 4.1] Let f : X ^ Y be a morphism. A complex F £ is said 

to be perfect relative to / if it is locally isomorphic in the derived category of f~^OY-modules to a 
bounded complex of flat f~^OY-modules. 

In particular, / is perfect if Ox is perfect over /. Perfection over idx is equivalent to perfection 
in D{X). Moreover, if / is a perfect morphism then a perfect complex in is /-perfect (see 

[T5l Corollaire 4.5.1]). More generally, if / is locally of finite type and finite Tor-dimension and Y 
is Noetherian, then by usi Example 1.3] and [TSl Corollaire 4.5.1] a perfect complex in is 

perfect with respect to /. 

Remark 2 . 5 . This notion satisfies two-out-of-three (see [T51 Notation 4.2]/ 
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Lemma 2.6. [111 Corollaire 3.4] Let f : X be a morphism of schemes. If iF is a perfect complex 
on X and £ is perfect with respect to f, then F ® £ is perfect with respect to f. 

Before we continue, let us give some examples of complexes that are perfect relative to a morphism. 
We will use the following: 

Proposition 2.7. [15l Corollaire 3.7.1, Proposition 4.8] Let S be a locally Noetherian scheme, and 
consider a diagram of schemes 


X -^ 



(1) If f is a quasi-compact, quasi-separated morphism of schemes that are quasi-compact over S, 
and E G £^Qch(^) perfect with respect to g, then f^:E is perfect with respect to h. 

(2) If f is proper, X and Y are locally of finite type over Z, and E € D^{X) is perfect with respect 
to g, then f^,E is perfect with respect to h. 

with f proper, X and Y locally of finite type over Z. If E G D^{X) is perfect with respect to g then 
ft^E is perfect with respect to h. 

Example 2.8. If X is a scheme over S, S is Noetherian and X is locally of finite type over S, then 
Oa G D^{X X s X) is TTx-perfect, where ttx is the projection from X xs X to one of the factors. This 
follows from Proposition jS. 7| with f : X ^ X xs X being the diagonal embedding, Z = X. 

Example 2.9. If C X Xg X is a closed immersion, again by Proposition \2. 7| we have that i^Oc is 
TTx -perfect if the composition ttx o i : C ^ X is a perfect morphism. 

Perfect complexes and /-perfect complexes behave well under IZHom: 

Proposition 2.10. [2l Proposition 2.3.9] Let f : X ^ Y be a morphism of schemes. If £ is a perfect 
complex on Y then IZIIom{—,f £) takes f-perfect complexes to f-perfect complexes. 

Definition 2.11. |5J Definition 1.3.1] Given F G D{X) and V G D\^^{X), we say that V is derived 
F-reflexive if TZHomiV, F) G and the canonical morphism 

6'^ IZHomX{IZHomx{P,F),F) 

corresponding via Lemma \2.1\ to the natural composition 

V ®x IZHomX {V,F) IZHomx {V, F) ®x V F, 

where e is the evaluation map, is an isomorphism. 

Lemma 2.12. [151 Corollaire 4.9.2] If f : X ^ Y is a compactifiable morphism, then each complex 
that is perfect over f is derived f'Oy-reflexive. 

In particular, by [7] this is true for a separated morphism of finite type between quasi-compact 
quasi-separated schemes. 

Lemma 2.13. [51 Lemma 6.6] Let X, Y be Noetherian schemes, g : X ^ Y be a morphism of finite 
Tor dimension. LetV be a g-perfect complex. Let £ a perfect complex over Y and F G Dqc\,{Y). Then 
we have an isomorphism 

IZHomx{V,g'£) ®x g*J^ = IZHomx{V,g £ O g*F) 
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In the given reference the authors give a proof under the more restrictive, but unnecessary, hy¬ 
pothesis that T S ^Qch(^)- solely because the general technology was not available at the 

time. 

2.3. The projective case. In the projective case, some of the results we mentioned above are true 
without the hypothesis of finite Tor dimensionality. In particular, we will prove an analogue of Lemma 
12.131 in Lemma 12.151 below. This requires the following lemma: 

Lemma 2.14. [13l Proposition 2.5], [T2j Lemma 1.4] Let f : X ^ Y a projective morphism and 0(1) 
be a relatively very ample line bundle on X, let £,iF G DQch(X). Then 

(1) £ G Dq^^{X) if and only if f*(£(n)) S for every integer n. 

(2) A morphism g : £ ^ X is an isomorphism if and only if the induced morphism /*(£l(n)) —>■ 
/*(J^(n)) is an isomorphism in DQch(Y) for every integer n. 

Lemma 2.15. [13l Proposition 2.8] Let g : X ^ Y be a projective morphism. Let V be an object in 
D^ohi^)’ perfect with respect to Y. Let X S DQch{Y). Then we have an isomorphism 

nHomx(V,g OY) 5*^ = nHomx(V,g X). 

Proof. In the given reference, the concept of perfection with respect to a morphism is replaced by the 
concept of “finite homological dimension” (and the authors ask for X S For the convenience 

of the reader we repeat their proof in our setting. 

We have natural morphisms 

TZHomx{V,g OY) g*X TZHomxiX, tOy g*X) nHomx(V,g'X), 

where the first map is as in [3l (5.5.2)], and the second map is defined as in [18l Definition 7.7]. We 
have to prove that the composition is an isomorphism. The question being local on T, we can assume 
g to be projective. By m Lemma 2.5], it is enough to show that the induced morphism 

g^(TZHomx(V,g'OY) ®x g*X (g) Oxin)) g^(UHomx(V,g'X) (g) Ojc(n)) 
is an isomorphism for all n. Note that 

TlHomx(V, p'Oy) ®x g*X (g) Ox{n) = TZHomxiV (g Ox(—n), p'Oy) ® g*X 
TZHomxiV, g'X) (g) Ox{n) = TZHomxiV (g Ox{—n),g'X) 

(see for example [21 Lemma 1.4.6]) because Oxin) is perfect. 

By (221 Tag 0A9I], p'Oy G Dq^j^(X), and hence by [221 Tag 0A6H| we have that XHomxiV ® 
Oxi—n)Tg'OY) G DqchiX). Hence by projection formula and Grothendieck duality ([HI Lemma 3.2]) 
we have to show that 

TZHomYig*Vi—n), Oy) X TZHomxig*Vi—n),X) 

is an isomorphism for all n. Since by Lemma [2.61 Pi—nl is perfect with respect to g, hence ( 7 *P(—n) 
is perfect by [151 Proposition 4.8], this follows by [21 Lemma 1.4.6]. □ 

3. The left adjoint 

Theorem 3.1. Let either Y be a guasi-projective scheme over S, or Y be such that there exists a 
compactification Y Y with X XsY of finite Tor-dimension over X. Let V be a ttx- perfect complex 
'■n Dl^^iX XsY). Then 


: DQeh(^) ^ A>Qch(y) 






6 


ALICE RIZZARDO 


has a left adjoint 

: ^Qch(y) ^ i?Qch(X), 

where 

Vl = T^HomxxsYi.'P^'K'xOx)- 

Remark 3.2. The finite Tor-dimension condition is satisfied for example when X and Y are defined 
over a field, i.e. S = Spec{k). 

Proof. In the quasi-projective setting, let 1" —>•5' factor as Y ^ Y ^ S with Y projective over S 
and j an open immersion. In the finite Tor dimension setting, let j and Y as in the statement of the 
theorem. Hence in either case we have a diagram 


XxsY 



where j is an open immersion and ttx is either proper and finite Tor-dimension or a projective morphism 
(since proper and projective morphisms are stable under base change). 

We have functorial isomorphisms 

= Homx(7rx. {Pl <8i ttyX),G) 

(L2) = Homx(7rjs:. (id x(T ’l (8> tt^ J"), G) 

(L3) =Hom^x^^((id x(8> Tiy J”), 

(L4) =HomxxsY((id xj)^:{TZHomxxsY(V,' k'xOx) ® t:y^),t^'xG) 

(L5) =Hom^xsT((id xj)*{P-HomxxsYiP, (id xjj^Tr’^Ox) ® Try J”), 

(L6) =Hom^xgy((id xj)^{nHomxxsYi(id xj)*(id xj')*^’, (id xj)*TtxOx) ® nYp),TtxG) 

(L7) =Hom^xsT((i^ xj)*((id xj)* TZHomxxsYii^d xj)^V, Ti'xOx) ® TTyJ^), Tt'xG) 

(L8) =Yiom.xy,gY{PHomxxsY{^'^d xj)^'P,Tr'xOx) ® (id xj)*7ry J", tt^^) 

(L9) =Hom^xsY((id xj%7ry j^^y(7eHo?7ijf ^^y((id xj}.,'P,TrxOx),TtxG)) 

where (IL3I) holds because ifx* is left adjoint to tt'x since ttx is proper. The equality (IL4I) follows by 
the definition of Vl- The equality (IL5I) holds because tt'x — o (id xj))' = (id xj)'Tt'x since id xj 
is finite Tor dimension. Equality IL6I holds because (id xj)*(id xj% = id by Lemma [2.21 The equality 
(IL7I) holds by Lemma [221 Then, (ILSp is by projection formula and (IL9I) follows by Lemma 2TT1 
Now note that by Proposition 12 . 71 11. (id xj%7^ is Ttjf-perfect (an open immersion of Noetherian 
schemes is quasi-compact); hence by Proposition [223 PHomxxsYii'^d xj)^:'P,Tt'xOx) is Ttx-perfect. 
Hence we can continue our chain of natural isomorphisms: 
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(LIO) =Hom^xs?((i^ xj)*'P^^'x(^x),^'x^x) 

(Lll) =Hom^j^^y-((id xj^TTyJ", (id xj%7^ ® tt^C/) 

(L12) =Hom^xs?((id (id xj)^{V ® (id xj)*7f^0)) 

(L13) =Homxxsr(’^Y-^,^ ® (id ^jT^xQ) 

(L14) = Homy (J", Try-* ('P (g] 77^0)) 

(L15) =Homy(J^,$^^^(^)). 

The equality (ILIOI) follows by Proposition 12.151 in the projective case; in the finite Tor-dimension 
case, it follows because 

^■ffo"ijs:xsY(^-^o"^xxsY((id xj)*P, tt'xOx), ^'x^) 

= TZHomxxsY(T^HomxxsYii^<i xj%P, 7r(^C>x), (gfr^f?) 

= TZHomxxsY(J^HomxxsYii^^ xj)*'P,'^x^x),XxOx) ®t^xQ 
by Lemma [2731 and Lemma [2.131 

The equality (ILllI) is by Proposition l2.121 and (IL12I) is by projection formula. Further, (IL13I) follows 
by Lemma [221 We conclude with (IL14I) by adjunction of tt^ and Try*. □ 

4. The right adjoint 

Lemma 4.1. Let either X be a quasi-projective scheme over S, or X be such that there exists a 
compactification X X with X XgY of finite Tor-dimension over Y. Let V be a xy- perfect complex 
in XsY). Then the functor 

: f^Qch(^) ^ i?Qch(F) 

has a right adjoint 

: i^Qeh(T) ^ i?Qch(^), 

where 

Vr = TZHomxxsYi'P, TTyOy). 

Proof. In the quasi-projective setting, let X —>■ S' factor as X ^ X ^ S with X projective over S and 
j an open immersion. In the finite Tor dimension setting, let j and X be as in the statement of the 
theorem. Hence in either case we have a diagram 


X xcF 



where j is an open immersion and fry is either proper and finite Tor-dimension or a projective mor¬ 
phism (since proper and projective morphisms are stable under base change). We have functorial 
isomorphisms 
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= Homx(0, TTx. {Vr 0 TTyJ^)) 

(R2) =RomxxsY{Tr*^G,VR®Tr^T) 

(R3) = Homxxsy((i X id)*7r^^, (j x id)^{VR 0 nyT)) 

(R4) = Honixxsy((j x id)*7r^^, (j x id)^VR 0 J”) 

where (jR,2tl is by adjunction, (jR,3l) is by Lemma [221 and (IR4I1 is by projection formula. 

Now note that, by ProDOsition l2.101 Vr is also perfect with respect to Try, and hence by Proposition 
12.71 11. (j 0 id)»P/{ is TTy-perfect (an open immersion of Noetherian schemes is quasi-compact). Hence 
we can continue our chain of natural isomorphisms: 

(R5) = Homxxsy((j X idj^Tr^f?, 7^Homxxsy(^-^o77^xxsy ((j x id),7^fl, Tr^Oy), Tfi^Oy) 0 tty J") 

(R6) = Homxxsy((j x id)^TrxG,'R.HomxxsY(T^HomxxsY{U x id)*?’^, ttyOy), tty J")) 

(R7) = Homxxsy((j X idj^TTxf/0 7eHo77ixxsy((j x id)*7^i{, ttyOy), tty J') 

(R8) = Homxxsy((j x idj^Tr^f/ 0 {j x id)* 7eHo77ixxsE((j ^ id)*7’R, ttyOy)), tty J') 

(R9) = Homxxsy((j X id)^{Tr*xg ^TZHomxxsYiVR,TrYOY)),Tr'YT) 

(RIO) =Homxxsy((j xid)4^^e0lP),ttyJ-) 

(Rll) = Homy(tty*(j X id)*(7rxt/0 T’), .F) 

(R1 2) = Homy {TTY^{TT*^g (8) V),V) 

(R13) =Homy($^^^(g),F-). 

The equality (IR5I) follows by Proposition l2.12l By Proposition l2.101 TlHomxxsYiU^''^‘^)*T^R^ ^y^y),^yOy) 
is tty-perfect, hence equality (IR6|) follows by Proposition 12.151 in the projective case; in the finite Tor- 
dimension case, it follows because 

TZHomxxsYi'^HomxxsYiij x idj^F/j, tt^Oy), ttyOy) 0 ttyF' 

= TZHomxxsYiT^HomxxsYiU x id)*FR, ttyOy), tt^Oy 0 tty J') 

= TZHomxxsYiT^HomxxsYiU x idj^F^, ttyOy), tt^^F") 

by Lemma [2.131 and Lemma [231 Then, (IR7p follows by Lemma I^TT] and (IR8I) is by projection formula. 
Equality (IR9I) holds by Lemma 12.21 and (IR10|) is by definition of Vr and Lemma 12.121 Equality (IR11|) 
holds by adjunction of tty* and tty since tty is proper. □ 

5. The projective case 

In this last section we provide two corollaries to our main result in the case where the schemes X 
and Y are projective over the base S. In this case, from the behavior of the Eourier-Mukai transform 
we can deduce properties of the kernel V: 

(1) maps -^coh(^) ^ TTx-perfect fCorollarv l5.3l) . 

(2) If is an equivalence, then V is ttx - and Try-perfect fCorollarv 15.41) . 
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Then in both cases we get a left adjoint as in Theorem 13.11 in the second case, we get an adjoint as in 
Theorem l4.ll 

Lemma 5.1. Let V € Dq^^^{X Xs T). The following are equivalent: 

(1) V € Y) and it is nx-perfect. 

(2) For all T G we have V ® tt^ J' G Dl^^{X XgY). 

Proof. Assume that for all F G L^coh(^) have V 0 t^*xF G D^ohi^ Y). Then first of all 
r = V<»7r*^OxeDUiXxsY). 

By [m Proposition 4.3], it is enough to show that for every point {x,y) G X XsY there exist 
numbers a,b such that V G XsY) in a neighborhood of {x,y) and 

tor ampc^ ^(T’( 2 ,,y)) C [a, 6], 

where x = Trx{{x,y)) G X. 

Since F{x,y) <8ox,x is bounded for all (because we know that we land in D^^^{X Xs T)), 
there exists some N such that 

Torf^-(iP(,,j,),fc(x)) = 0 

for all i> N, where k{x) is the residue field at x. 

Now replace F(x,y) by a bounded above complex of free Ox.x-niodules 

Q{x,y) - Q\x.y) ^ 2 (x. 2 /) ^ 0- 

The complex is exact in low enough degree since V G L)'^oh(^ XgY). Let a < —N he low enough so that 
Q{x,y) is exact in degree < a + 1, and truncate the complex by taking /C(x.y) = Ker(Q“+^^ — ^‘{xy)') 
so that we have a complex 

0 JC(^x,y) Q‘{x,l) ^ Q\x,y) 0 

which is also quasi-isomorphic to V{x,y)- 

Now consider the distinguished triangle X(^x,y)[—o, — 1] — J- Q-“+i —>■ F. By the long exact sequence 
on Tor we have 

Torf"-(/C(,,,),fc(x)) = Toref^(/C(,,,)[-a- l],fc(a^)) = Tor^f-(Qg+\ = « 

since is zero in degree a. 

Hence we obtain that /C(x,y) is also locally free as an Ox,a:-inodule, hence 'P{x,y) is quasi-isomorphic 
to a bounded complex of locally free Ox,a:-inodules and tor aiJvpQ^ ^(^(x,y)) C [a, b]. 

The other implication is clear. □ 

Remark 5.2. The notion in Lemma \5.lV 2) corresponds to the notion of “finite homological dimension” 
in [T21II3]. The notion of perfection with respect to a morphism might seem stronger at first sight, but 
as we just saw, the two notions are actually equivalent. 

Corollary 5.3. Let X be projective over S. Let V G L^Qch(^ Xs Y). The functor maps 

Y^coh(^) Y>^oh(Y) if and only if V is in Xs Y) and is TTx-perfect. 

Proof. Assume that maps D^oh^X) to D^oy,{Y). By Lemma [2.141 it follows that the functor 

'^xi~) F sends D^^^,{X) to Dcohi^ Xs Y). We conclude by Lemma [5Tl The other implication is 
clear. □ 
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Corollary 5.4. Assume that X ^ S and Y ^ S are projective. Let V G ^Qch(^ ^)- U the 

functor gives an equivalence to Licohi^)’ then if follows that V is ttx- and xy -perfect. 

Hence in particular it has left and right adjoints given by the formulas of Theorems \S.l\ and \4..1\ 

Proof. V is in xg Y) by Lemma [57^ By [131 Proposition 2.10] and Lemma lOl it follows that 

V is TTx- and Try-perfect. We conclude by Theorems 13.11 and 14.11 □ 
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